We introduce a model of noncommutative geometry that gives rise to the uncertainty relations recently derived from the discussion of a quantum clock. We investigate the dynamics of a free particle in this model from the point of view of doubly special relativity. ‡
Several proposal exist for modifications of the Heisenberg uncertainty relations when effects of gravity are taken into account [1] . These are usually based on thought experiments and involve a dimensional parameter of the order of the Planck length (or mass) that sets the scale of the deformation. If one assumes that the Heisenberg algebra is deformed, such modifications can of course be derived formally by standard quantum mechanical arguments.
Deformed Heisenberg algebras have been considered in the literature mainly in relation with theories involving deformations of the Lorentz symmetry, like doubly special relativity (DSR) [2] or noncommutative geometries, especially of the κ-Poincaré class [3] . In fact, these theories are strongly related, although DSR investigates the deformations mainly from a classical (i.e. non-quantum) point of view. In these theories, the deformations are due to the introduction of a new fundamental scale, that cannot be invariant under the standard Lorentz transformations and whose appearance is justified as an effect of quantum gravity. For example, κ-Poincaré models are based on the deformed commutation relations of space and time coordinates [x 0 , x i ] = ix i /κ, with κ a constant proportional to the Planck mass 1 , which imply a deformation of the full Heisenberg algebra. Note that such deformation is not unique and different models (usually called bases of the κ-Poincaré algebra) can be defined, leading to different modifications of the uncertainty relations.
While the modifications of the uncertainty relations considered in the literature usually concern the position-momentum relations, in a recent paper [3] a thought experiment has been discussed, which predicts an uncertainty relation connecting the measure of time and spatial intervals, given by
where r = √ x 2 is a radial coordinate and t is time. The constant β is given in terms of the Planck length L P by β = L 2 P /c. Clearly, this uncertainty relation can be interpreted as due to noncommutativity of spatial and time coordinates, in analogy with the κ-Poincaré model cited above. The thought experiment is based on an ideal "quantum clock", namely a device that measures time by counting the decays of a sample of radioactive matter, that was first devised in ref. [4] .
The quantum clock is defined as follows: given a set of N radioactive particles of mass m, with total mass M = N m, the mean number of decays in a time interval ∆t is ∆N = λN ∆t, with variance σ N = √ λN ∆t. Therefore, it is possible to measure a time interval counting the number of decays. The relative error ǫ in the time measurement will be ǫ =
where σ t = σ N /λN . In order to measure short time intervals with small relative error it is therefore necessary to increase N . From eq. (2) it follows that
or, in terms of the rest energy of the particles E = mc 2 ,
Now, from the Heisenberg uncertainty relation, one has for each particle
where δE and δt are the uncertainties in the energy and time measurements. But δE < E, δt < 1/λ, and hence
Using (4), one finally obtains
which gives a lower limit for the mass of a clock capable of measuring time intervals with accuracy ∆t. However, it is not possible to arbitrarily increase the mass of the clock holding it in a small volume, since the radial size R of the clock must be such that a black hole cannot form, and therefore greater than its Schwarzschild radius,
Setting ∆r = R, with r = √ x 2 , from (7) it follows that ∆r∆t ≥ Gh c 4 ,
which is the relation (1). In a quantum theory, this uncertainty relation can be derived assuming (up to numerical factors) the commutation relation [t, r] = iβ. It is therefore natural to assume that the uncertainty relation (1) can be obtained starting from a deformation of the Heisenberg algebra of the kind investigated in noncommutative geometry or in DSR theories. In particular, a deformed commutation relation leading to (1) is, in relativistic notation 2 ,
which clearly implies a noncommutative geometry, and in particular recalls the κ-Poincaré commutation relations [x 0 , x i ] = ix i /κ. It is therefore likely that it can be obtained from a similar construction. In fact, assuming (10), one can construct several deformations of the Heisenberg algebra obeying the Jacobi identities. We consider here the simplest deformation compatible with it, and investigate its classical limit, with commutators replaced by Poisson brackets, and its DSR implementation. Investigation of the quantum theory may result difficult, since the commutation relations (10) are nonlinear in the coordinates x i , contrary to the models usually investigated in the context of noncommutative geometry.
We define the deformed algebra through the Poisson brackets
It is easy to check that this algebra implies {x 0 , r} = β, as required, and that the Poisson brackets are covariant under spatial rotations. The Poisson brackets (11) cannot however be covariant under boosts, since x 0 and r are not. The covariance under boosts is instead obtained if one deforms their action on spacetime coordinates so that for boosts in the i direction, generated by J 0i ,
The deformation of the action of boosts is a well-known consequence of the modification of the Heisenberg algebra. Contrary to standard DSR models, the transformation rules of the momenta are instead not modified, and hence the Poincaré algebra is preserved. It follows in particular that the Casimir invariant of the Poincaré algebra is p 2 , as in special relativity. One can therefore take as Hamiltonian for a free particle
2 In the following we use natural unities,h = c = 1.
Starting from this Hamiltonian, and taking into account the deformed Poisson brackets (11), the Hamilton equations for a free particle are theṅ
The equations of motion can also be obtained varying the action
In fact, varying with respect to x µ and p µ , one getṡ
which are equivalent to (14).
As usual in theories containing deformations of the Lorentz symmetry, some problems arise in the definition of the velocity [5] . In fact, in relativistic theories the 3-velocity of a particle can be defined either as v 
The velocity v K i is always less than 1 for positive β. Notice that this result is in contrast with most DSR models where v K i has the standard relativistic form, while v H i is deformed. This is related to the fact that in our case the Poincaré algebra, and hence the dispersion relation for particles, is not deformed, but its action on coordinates is.
In this respect, our model differs from the standard DSR models, that assume a deformation of the action of the Lorentz group on momentum space, rather than spacetime. However, like in that case, the deformation extends to the full phase space, since the position-momentum commutation relations are deformed (cf. (11)). This implies also a deformation of the standard relativistic position-momentum uncertainty relations. It would be worth studying how the phenomenological implications of this class of models differ from the standard DSR theories.
It would also be interesting to investigate the model from a noncommutative geometry point of view. This is not trivial because, as mentioned above, the commutation relations (10) are nonlinear in the coordinates.
Finally, we again remark that different models could be constructed from (10), with more involved algebra than (11).
